Abstract. We give, under [CH], a necessary and sufficient condition for the product of two closed images of metric spaces to be a fc-space.
1. Introduction. In [14, Theorem 4.3] , we proved the following result. Recall that a space A is said to belong to class %' if it is the union of countably many closed and locally compact subsets A" such that F c X is closed whenever F n A" is closed for all «. In that place, we raised the question whether this theorem remains true if "i-images" is weakened to "images".
In this paper, under the continuum hypothesis [CH], we shall give the following affirmative answer to this question. Theorem 1.1 [CH] . Let X and Y be closed images of metric spaces under maps f and g respectively. Then X X Y is a k-space (equivalently, / X g is a quotient map by [6 Throughout this paper, we shall assume that all spaces are regular T2, and all maps are continuous surjections.
2. Preliminaries. A space A is Fréchet if, whenever x G A, then some sequence of points of A converges to x. Obviously, every closed image of a first countable space is Fréchet.
Recall that a space A is strongly Fréchet [10] (= countably bi-sequential in the sense of E. Michael [7] ) if, whenever {F"; n = 1, 2, .. . } is a decreasing sequence accumulating at x G A, there exist xn G F" such that the sequence {xn; « = 1, 2, ... } converges to x. Clearly every strongly Fréchet space is Fréchet. Lemma 2.3. Let X be a Fréchet space, or a k-space each of whose points is a Gs-set. Let Y be the closed image of a collectionwise normal and Fréchet space Z under a map f. Suppose that X X Y is a k-space. Then X is strongly Fréchet, or every df~l(y) has property (P) below.
(P) Every subset of cardinality 2"° in df~\y) has an accumulation point.
Proof. Suppose that there is y0 E Y such that df~l(y0) does not have property (P). Then there is a closed discrete subset {xa; a £ A) of df~1(y0) with \A\ = 2"°. Since Z is collectionwise normal, there is a discrete open collection {U"; a E A} in Z with xa £ Ua. Since Z is Fréchet, and xa E Ua -f~l(y0) for each a E A, then there is a convergent sequence {*",; i = 1, 2, . . . } of Ua -f~\y0) with its limit point xa. Let Ca = [xai; i = 1, 2, . . . } u {xa} for each a E A, and let Z0 = UaSACa-Then, since (Ca; a £ A) is a discrete closed collection in Z, Z0 is a closed subset of Z. Let g = f\ZQ. Then g is a closed map from the locally compact, metric space Z0. Let Yx = [y E Y0; g~\y) is not compact}, where F0 = g(Z0). Then, by [8, Theorem 4] , Yx is a closed discrete subset of F0. It is easy to see that y0 E Yx. Since the sequence g(Ca) converges to y0, and Yx is closed and discrete, then each Ca intersects only a finite number of g~ l(y), y £ Yx. Hence C'a = Ca -g~\Yx) is infinite, which implies that each sequence C'a converges to xa. For each a E A, let Aa = g(C^). Then 31 = [Aa; a E A) is locally finite, hence point-finite in F0 -Yx. For, g is a perfect map on ZÓ = Z0 -g~'(F,) and {C^;a E A) is a discrete collection in Z¿. Since each Aa is countable, for each a £ A, A (a) = {ß E A; Aa n Aß =£0} is at most countable. Then, there is a subset A' oï A with cardinality 2"°, such that W = i^a'< a e ^'} is pairwise disjoint. Indeed, let A = [a; a < 2"°}. Then, for each a, there is a pairwise disjoint subcollection 93a of 21 such that |93a| < \a\ and Uß<a%ß c93". For, let {93^; ß < a} be defined for each ß < a. Then we can choose Aa. E 31 with Aa. n ( U {AS;AS e %ß}) =0, V ß<a I
for each A(8) is at most countable and | U ß<a^ß\ ** lal (^ 2"°). Let o = {^a-} U U/3<a93/3. Then 93a satisfies the conditions. Hence, 21' = U a<2"0S8o is a pairwise disjoint subcollection of 31 with cardinality 2K°. Now, let Z, = UaSA{C^ u {xa}}. Let « = f\Zx. Then, since Z, is closed in Z, « is a closed map, hence is quotient. Moreover, h(xa) = v0 for each a G A' and « is one-to-one on Ua(EA-Cá by the choice of the index set A'. Here, we may assume that «|Q is one-to-one for each a G A'. Thus, «(Z,) can be shown to be homeomorphic to a quotient space Zx/Fx obtained from Z, identifying all points of F, = h~x(y0).
On the other hand, A x h(Zx) is a closed subset of a ¿-space A X 7, for h(Zx) is closed in Y. Hence A X h(Zx) is a ¿-space. This implies that A X (Zx/Fx), which is homeomorphic to A X «(Z,), is a ¿-space. Thus, by [15, Lemma 2.1(2)], A is strongly Fréchet or 3ZF, has property (P). However, 3Z F, contains a closed discrete subset {xa; a G A'} of cardinality 2*°. Then it does not have property (P). Therefore X is strongly Fréchet. That completes the proof. (ii) Suppose that some 3/" x(x0) is not Lindelöf: Then, as above, Y is locally compact and metrizable. That completes the proof.
As for the product of closed images of locally compact metric spaces, we have the following theorem, which is an improvement of [15,Proposition 2. Theorem. Let X be a closed image of a metric space. Then Xa is a k-space if and only if X is a metrizable space. Remark 4.3. As generalizations of metric spaces, J. G. Ceder [3] introduced three types of topological spaces which he called Mx, M2 and A/3-spaces, and observed that Mx => M2 => M3. An A/rspace is a regular space having a rj-closure preserving base. That every closed image of a metric space is A/, was proved by F. Slaughter [11] . The following example shows that Theorem 1.1 becomes false if "closed images of metric spaces" is weakened to "Mxspaces", even if in property (1) of Theorem 1.0 we replace "metrizable spaces" by "first countable spaces".
Example. Let X be the Nagata space constructed in Example 9.2 in [3] (A = {(x,y); 0 < x < l, y > 0}: the topology on A has a base consisting of disks missing the x-axis and sets of the form U"(p) = {p} u {(x,y); \x -p\ < \/n and y lies below the graph of (x -pf + (y -ri)2 = n2}). Obviously A is separable, first countable and not second countable. Hence A is not metrizable. The proof that A is A/,, which is due to J. Nagata, is given in [3] . Let C be a closed interval contained in (0, 1). Let Y be a quotient space obtained by identifying all points of C, and let /: X -> Y be the natural quotient map. Since C is compact in X, f is a perfect map. Then i" X y is a ¿-space, for it is the perfect image of a first countable space A X A. To show that Y is A/,, let 93 = U ,°Ii93, De a «^-closure preserving base for X. We may assume that 93, c 93,+ , for each /', and that each 93, is closed under arbitrary . This implies that a subspace C X {y; y > 0} of X is second countable. But this is a contradiction, for the subspace is obviously non-second countable.
To show that Y is not a space of class %', suppose not. Then Y is the union of countably many closed and locally compact subsets Yn such that, F c Y is closed whenever F n Yn is closed for each «. We may assume that Yn E Yn+X for each «. Then each compact subset of Y is contained in some Yn. For any x E X, let { V"; « = 1,2,...} be a decreasing local base at x. Then, for some m,f(Vm) c Ym, hence Fm Ef~\YJ.
While, since/is perfect,/"1^) is locally compact. Hence, by [3, Corollary 5 .7], f~x(Ym) is metrizable, so is Vm. This implies that A" is a locally metrizable space. Then X is metrizable, for it is Lindelöf. But, this is a contradiction to the fact that X is nonmetrizable. Thus Y is not a space of class %'.
